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Problem A.2

Consider the collection of all polynomials (with complex coefficients) of degree < N in z.

(a) Does this set constitute a vector space (with the polynomials as “vectors”)? If so, suggest a
convenient basis, and give the dimension of the space. If not, which of the defining
properties does it lack?

(b) What if we require that the polynomials be even functions?
(c) What if we require that the leading coefficient (i.e. the number multiplying zV=1) be 1?
(d) What if we require that the polynomials have the value 0 at x = 17

(e) What if we require that the polynomials have the value 1 at x = 07

Solution

In order for a collection of vectors V to be a vector space over the complex numbers C, the vector
addition and scalar multiplication operations defined on it must satisfy the following ten
properties.

Al) x+y eV forall x,y € V.
(x+y)+z=x+(y+z) for every x,y,z € V.
X +y =y +x for every x,y € V.

There is an element 0 € V such that x + 0 = x for every x € V.

)
)
)
A5) For each x € V, there is an element (—x) € V such that x + (—x) = 0.
) axeVforalla e Cand x € V.

)

)

)

Here V consists of all the polynomials of degree less than N. Let x, y, and z be vectors in V and
let o and 8 be complex scalars.

X = ag + a1z + agx® + - +ay_qx !

y =bo+ b1z + box® + -+ + by_qzN !

2 N—1
zZ=cy+cxr+cox” +---+cy_1x
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Property Al

Take the sum of x and y.
x+y = (a0 +amz+a2®+ - +any_12" ") + (b + bra + bpa® + -+ by )
= (ag + bo) + (a1 + b))z + (ag + bo)z? + - (an_1 + bN,l)acN_l

Because x +y is also a polynomial of degree N —1, x+y is a vector in V. Property Al is satisfied.
Property A2

Compare the vector sums of (x +y) + z and x + (y + z).
(x+y)+2z=[(ao+ a1z + a2’ + - +ay_12" ") + (bo + b + bor® + -+ by_1z™ )]
+ (co+ ez +ea® + -+ ey )
= [(ao + bo) + (a1 + b1)x + (az + ba)2? + -+ (an—1 + by—1)z™ ']
+ (co + 1z + cox® + -+ ey Y
= [(ao + bo) + co] + [(a1 + b1) + c1]w + [(ag + b2) + ca]z?® + -+ + [(an—1 + by—1) + ey—1]a™
= (ag +bo + co) + (a1 + b1 + 1)z + (ag + by + c2)2? + -+ + (an—1 + by—1 + ey_1)z¥ !
x+ (y +2) = (ap + a1z + agz® + - - + ay_1z™¥ 1)
+ [(bo + brz + boa® + -+ by_12V ) + (co + 1z + c2a® + -+ en—12V )]
= (ao + a1z +agx® + -+ CLN—leN_l)
+ [(bo + co) + (b1 + c1)z + (ba + ca)a® + -+ + (by_1 + en—1)z" ]
= lao + (bo + co)] + [a1 + (b1 + c1)]x + [az + (b2 + Cg)]l‘Q +---+lan-1+ (by-1 + CNfl)]l‘Nfl
= (ap+bo+ co) + (a1 + b1 + c1)x + (ag + ba + 62)562 + -+ (any—1+ by +en_p)zN !

Because of the associative property of addition, (x+y)+2z = x+ (y +2). Property A2 is satisfied.
Property A3

Compare the vector sums of x +y and y + x.

x+y = (a0 +amz+a® + - +ay_12" ") + (b + bz + bpa® + -+ by ")

= (ap + bo) + (a1 +b1)x + (az + b2)z® + -+ + (an_1 + by_1)z"

N—l) + (ao +air+ar® + -+ CLN71$N*1)

(

y+x= (b + b1z + bz’ + -+ by_1z
(bo + ao) + (b1 + a1)x + (ba + az)2® + -+ + (by_1 + ay_1)z"
(

ag + bo) + (a1 + b1)x + (az + bo)z® 4+ -+ (an_1 + by_1)z™N 1

Because of the commutative property of addition, x +y =y + x. Property A3 is satisfied.
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Property A4
The zero element is the vector in V with all coefficients set to zero.
0 =0+ 0z + 0z + - 02" !
Adding this to x results in x.
x+0= (ao+a1x+a2x2—|—---+aN,1xN_1) + (0—{—0$—|—Ox2—|—~-0mN_1)

= (ap +0) + (a1 + 0)z + (az + 0)z* + - + (ay—1 + 0)z¥ !
=ag+ax+asx®+ - +ay_z¥ !
=x

Property A4 is satisfied.

Property A5

The additive inverse of x is

—X = — (ao +a1x + (121‘2 —+ o+ aN_lxN_l) = —ap — a1 — a2x2 — e = aN_lxN_l. Because —x
is a polynomial of degree N — 1, —x is also in V.
x+ (—x) = (ag + a1z + a2:132 R aN,lfol) + (—ao —a1T — a2x2 — e = aN,lfol)

= [ao + (—ao)] + [a1 + (—a1)]z + [as + (—a2)]z® + -+ + [an_1 + (—an_1)]z"

=0+ 0z 4 0% +--- 021
=0
Property A5 is satisfied.

Property M1

Multiply « and x.
ax = a (ag + a17 + asz® + -+ + an_12™ 1)

= oap + oaa1x + aaga:2 + -+ aaN_lxN_l

Because ax is also a polynomial of degree N — 1, ax is in V. Property M1 is satisfied.
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Property M2

Compare the formulas of (8)x and a(8x).
(aB)x = (aB) (ap + ar17 + aza® + -+ + an_12™ )
= [(@B)ao] + [(aB)ar)z + [(aB)az)z® + - - [(aB)an—1]z"
= afBap + aBaiz + aBasz® + - afan_1zV !
a(Bx) = a [B (a0 + a1z + aga® + -+ + ay_12™V )]
= a (Bag + Barz + Baga® + -+ Bay_12™N )
= [a(Bag)] + [a(Bar)]z + [a(Baz))a® + - - + [a(Ban-1)]z"
N-1

= afag + afarxz + afagz® + - - afan_1z

Because of the associative property of multiplication, (a8)x = a(fx). Property M2 is satisfied.
Property M3

Compare the formulas of a(x +y) and ax + ay.
ax+y)=al(a+arz+asz® + - +ay_12V ) + (bo + bz + box® + -+ by_1zN )]

= a [(ag + bo) + (a1 + b1)z + (az + b2)2? + -+ (an—1 + by_1)z™ ]

= afag + b)) + a(ay + b1)x + alaz + bg)x2 +-alan-1 + bN,l):cNfl

ax 4+ ay =« (ao +a1x+a2x2 +-~~+aN_1xN_1) + o (bo —i—blm—i—ngQ +-~-—|—bN_1:L'N_1)

= (aao + aamz + casx® + -+ ozaN_lxN_l) + (abo +abiz + abyx® + -+ osz_lxN_l)

= (aag + abp) + (ay + aby)z + (aag + abg)x® + -+ (aan—_1 + aby_1)z™

Because of the distributive property, a(x +y) = ax + ay. Property M3 is satisfied.
Property M4

Compare the formulas of (o + f)x and ax + fx.
(a+B)x=(a+p8) (a0 + a1z + a2’ + -+ +any_1z" )

= [( + Bag] + [(a + Barlz + [(a + B)ag]a® + - + [(a + Bay_1]aV "

= (aag + Bag) + (aar + Bar)x + (ag + Bag)z® + -+ + (aan_1 + Bay_1)zN !

ax + fx = a (ag + a1z + agz® + - + ay_12 ) + B (ag + a1z + aga® + - +ay_1aN )

= (ag + aarz + aasz® 4+ -+ ozaN_lxN_l) + (Bao + Barz + Bagz?® + -+ 5aN_1xN_1)

= (aag + Bag) + (aar + Bar)x + (az + Bag)z® + -+ + (aan_1 + Bay_1)zN
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Because of the distributive property, (o + f)x = ax + fx. Property M4 is satisfied.
Property M5

Multiply 1 and x.

Ix=1 (ao + a1z + agx® + -+ aN,la?Nfl)

N-1
zao+a1$+a2x2+---+az\f—1l‘

=X

Property M5 is satisfied. All ten properties are satisfied, so the set of polynomials under degree
N is a vector space over the complex numbers. The dimension of the vector space is IN because

each of the vectors is spanned by the N basis vectors, 1, z, 22, ..., V1.

Part (b)

Here V is the set of polynomials under degree N that are even functions. The same argument
from part (a) applies but with the coefficients that have odd subscripts set to zero. All ten
properties are satisfied again, so the set of even polynomials under degree N is a vector space over
the complex numbers. If N is even, then the dimension of the vector space is N/2 because each of

the vectors is spanned by the N/2 basis vectors, 1, 22, 2%, ..., zV=2. And if N is odd, then the
dimension of the vector space is (N — 1)/2 + 1 because each of the vectors is spanned by the
(N —1)/2 + 1 basis vectors, 1, 22, z*, ..., z(N-1/2,

Part (c)

Here V is the set of polynomials under degree N that have a leading coefficient of 1. Let x, y,
and z be vectors in V and let « and 8 be complex scalars.

x = ag+ a7 + aga® + -+ + 1™ !
y =bo + b +box? + -+ 12Vt
z=co+crx+cgr? + -4 12V !
Property Al
Take the sum of x and y.
x+y = (ao + a1z + agz® + -+ + 1V ) + (bo + bz + boz? + - + 12N
= (ag + bo) + (a1 + b1)z + (ag + bo)z? + - - + 22V 1

Although x + y is a polynomial of degree N — 1, the leading coefficient is not 1, which means
X + y is not a vector in V. Property Al is not satisfied, so the set of polynomials under degree N
that have a leading coefficient of 1 is not a vector space over the complex numbers.
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Part (d)

Here V is the set of polynomials under degree N that are zero at x = 1. Let x, y, and z be
vectors in V and let a and 8 be complex scalars.

X =ap+ a1z +agz’ + - +ay_2V Y ap+ar+az+--+an_1=0
y:bo+b1$—|—b21’2+"'—I—bN_1$N_1; b0+b1—|—b2—|—-"+b]\r_1:0
z=co+cx+c’+ - +enopzV L cotciteat+--+en1=0

Property Al

Take the sum of x and y.

x+y = (ap + a1z + aoz® + -+ +ay_12V ) + (bo + b1z + box® + -+ by_12™ 1Y)
= (ap + bo) + (a1 + b1)x + (az + ba)z® + -+ + (an_1 + by_1)z"
So x + y is also a polynomial with degree under N. Evaluate it at x = 1.
(x+y)(1) = (ao +bo) + (a1 +b1) + (a2 + b2) + -+ + (any—1 + by_1)
=(ap+ar+az+---+an-1)+ (bo+b1 +ba+ - +bn_1)
=0
Because x +y is zero at x = 1, x + y is a vector in V. Property Al is satisfied.

Property A2

Compare the vector sums of (x +y) + z and x + (y + z).

(x+y)+z= [(ao + a1z +agx® + - + aNflfol) + (bo + b+ bor? + -+ bN71$N71)]
+ (co +ex+eax? 4+ CNilfol)

= [(ao + bo) + (a1 + bi)x + (ag + ba)a® + -+ (an—1 + by—1)a™ "]

+ (co+aw+ca® + -+ ey

= [(ao + bo) + Co] + [(a1 + bl) + Cl]l‘ + [(CLQ + bQ) + CQ]$2 + -+ [(CLNfl + bel) + CN,1]$

=(ap+bo+co)+ (a1 + b1 +c1)x + (ag + ba + 62)372 +-- 4+ (any—1+bn-1+ CN_1)1:N71

x+ (y +2) = (ao + a1z + agz® + - - + ay_12" )
N

+ [(bo + b1z + boa® + -+ + by_12 ) + (co + 1w + coa® + - ey’

= (ao +a1x + a2x2 +--+ aN,la:N_l)

+ [(bo + co) + (b1 + c1)x + (b2 + co)x? + -+ (by_1 + CN71)JUN_1]
= [ao + (bo + co)] + [a1 + (b1 + c1)]@ + [az + (ba + c2)]2® + -+ + [an—1 + (bv—1 + cn—1)]®

= (ag +bo+co) + (a1 + b1+ 1)z + (ag + ba + e2)a® 4+ - + (ay—_1 4+ by_1 + en_1)z™V 1
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Because of the associative property of addition, (x+y)+2z = x+ (y +2). Property A2 is satisfied.
Property A3

Compare the vector sums of x +y and y + x.

x+y = (a0 + a1z +agz® + - + an_125 ) + (bo + bz + bpa? + -+ + by_12¥7Y)

= (ag + bo) + (a1 + b))z + (ag + b2)z® 4+ - + (ay_1 + by_1)z¥ 1

(

y+x= (bo + bz + box? +---+bN,1a:N_1) + (ao + a1z + agz? +-~+aN,1xN_1)
(
(

bo + ag) + (b1 + a1)z + (by + ag)z? + - + (by_1 + an_1)z™ 1

= ﬂj‘N_l

ao + bo) + (a1 + b1)z + (az + be)z® + -+ (an—1 + by—_1)

Because of the commutative property of addition, x + y =y + x. Property A3 is satisfied.
Property A4

The zero element is the vector in V with all coefficients set to zero.
0=0+0z+0z?+---0zV 1
Adding this to x results in x.
x+ 0= (ap + a1z + aa® + -+ + an—12V ) + (04 02 + 022 + - - - 02V 1)

= (ap +0) + (a1 + 0)x + (az + 0)2* + -+ + (an—_1 + 0)zV*
=ap+ a1z + agz® + - +ay_j2N !
=x

Property A4 is satisfied.

Property A5

The additive inverse of x is
—x=—(ap+az+aax® +-- +an_1z
is a polynomial of degree N — 1 and is zero at x = 1, —x is also in V.

N1 = —ag — a1z — agz? — -+ — ay—12¥ 1. Because —x

X+ (—x) = (a0 + mz + agz® + -+ an 12" 1) + (—ag — a1z — aga® — - —ay 2™ 7Y)
= [a0 + (—ao)] + [a1 + (—a1)]z + [az + (—a2))a® + - - + [an—1 + (—an_1)]z"V !

=0+ 0z +02% +--- 02!

=0

Property A5 is satisfied.
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Property M1
Multiply « and x.
ax =« (ag + a1z 4 agx® 4+ - + aN—ll“N*l)
= aap + aaix + casr® + -+ aay gz !

Because ax is also a polynomial of degree N — 1 and is zero at x = 1, ax is in V. Property M1 is
satisfied.

Property M2

Compare the formulas of (a3)x and o(fx).
(aB)x = (aB) (a0 + a1z + agaz® + -+ + ay_12™ )
= [(aB)ao] + [(aB)ar)z + [(aB)az]z® + - [(af)an—1]z"!
= afao + afarz + afasz® + - - afan_1zV !
a(Bx) = a[B (a0 + a1z + aga® + -+ ay_1z™V )]
= a (Bag + Barz + Baga® + -+ + Bay_1aN )
= [a(Bag)] + [a(Bar)]z + [a(Baz)]a® + - - + [a(Ban-1)]z"
N-1

= afag + afaiz + afasz® + - - afan_1x

Because of the associative property of multiplication, (a8)x = a(fx). Property M2 is satisfied.
Property M3

Compare the formulas of a(x +y) and ax + ay.
a(x+y) =al(a+az+ a2+ +any_12VY) + (bo + bz + box? + - + by )]
= a[(ao +bo) + (a1 + b1)x + (a2 + b2)2® + -+ (an—1 + by—1)2™ ']
= aag + bo) + (a1 + b1)x + a(ag + ba)a® + -+ alan—1 + by—1)a™ !
ax +ay = a(ag+ a1w + asx® + - -+ an_12™ 1) + a (bo + bz + box? + -+ by Y
= (aag + carz + aasz® + -+ + aaN_la:N_l) + (abo + abiz + abox® 4+ -+ + abN_lxN_l)

= (aag + abg) + (aar + aby)z + (aay + aby)x? + -+ + (can_1 + abN,l):cNfl

Because of the distributive property, a(x +y) = ax + ay. Property M3 is satisfied.
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Property M4

Compare the formulas of (o + f)x and ax + fx.
(a+B)x = (a+B) (ap + a1z + azz® + - + ay_12¥ 1)

= [(a + B)ag] + [(a + B)ar]z + [(a + Bag]z® + - - - + [(a + Bay_1]zV !

= (aag + Bag) + (aar + Bar)x + (az + Bag)z® + -+ + (aan_1 + Bay_1)zN !

ax + fx = a (ag + a1z + agz® + - + ay_12 ) + B (ag + a1z + aga® + - +ay_1aN )

= (aap + aarz + aasz?® 4 -+ + aaN_lxN_l) + (Bao + Barz + Bagz?® + -+ BaN_la:N_l)

= (aag + Pag) + (ay + Par)z + (cag + Bag)acQ + -+ (aan—1 + BaN,l)J:Nfl

Because of the distributive property, (o + f)x = ax + fx. Property M4 is satisfied.
Property M5

Multiply 1 and x.

Ix =1 (ap + a1z + aza® + -+ + ay_12" )

N—
zao+a1$+a2x2+---+az\f—1l‘ !

=X

Property M5 is satisfied. All ten properties are satisfied, so the set of polynomials under degree
N that are zero at x = 1 is a vector space over the complex numbers. Before saying what its
dimension is, it’s necessary to rewrite the x, y, and z vectors as

x=dy(x—1)+ay(x —1)> + -+ ay_1(x— DN !

Vi(z —1) +by(x —1)2+ -+ by (z — 1)V

Yy

VA

A(x—1)+ cy(z — 1)2 oty (2 — 1)N—1'

Doing so combines the conditions that they are polynomials under degree N and that they are
zero at © = 1. The dimension of the vector space is N — 1 because each of the vectors is spanned
by the N — 1 basis vectors, z — 1, (z —1)%, ..., (z — 1)V L.

Part (e)

Here V is the set of polynomials under degree N that evaluate to 1 at x = 0. Let x, y, and z be
vectors in V and let a and 8 be complex scalars.

X =ag+ a1z + agx® + - +ay_12V Y ap =1
y:b0+b1$+b2$2+"‘erNfliCN_l; b(]:l
Z:CO+Clx+ng2+"'+CN_1.’L'N71; cp=1
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Property Al
Take the sum of x and y.

x+y = (ap + a1z + agx® + -+ +ay_12V ) + (bo + b1z + box® + -+ by_12™7H)
= (ag + bo) + (a1 + b))z + (ag + b2)z® 4+ - + (ay_1 + by_1)z¥ 1
So x + y is also a polynomial with degree under N. Evaluate it at x = 0.
(x +¥)(0) = (a0 + bo)
=141
=2

Because x +y isnot 1 at x = 0, x +y is not a vector in V. Property Al is not satisfied, so the set
of polynomials under degree N that evaluate to 1 at = 0 is not a vector space over the complex
numbers.
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